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Mechanism of Turbulent Mass Transfer at a

Solid Boundary

Mass transfer between a turbulent fluid and a solid boundary is considered for
the case of large Schmidt numbers. The variation of the mass transfer coefficient
with time, K{#), is calculated by solving the mass balance equation using a random
velocity input. An interpretation of the mass transfer process which is radically

different from that given by classical approaches is obtained.

J. A. CAMPBELL and
T. J. HANRATTY
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SCOPE

The goal of a theory of turbulent mass transfer is to relate the
1ass transfer rate at a solid boundary to measurable properties
of the fluctuating velocity field. For large Schmidt numbers, this
is simplified because the concentration boundary layer is so thin
that only the limiting behavior of the velocity field close to the
solid surface needs to be considered. Solutions of a linearized
form of the mass balance equations (Campbell and Hanratty,
1981a) have suggested a theory which is quite different from
classical approaches. It shows that the mass transfer boundary
layer acts as a filter in that only low frequency velocity
fluctuations containing a small fraction of the turbulent energy
are controlling the mass transfer process. However, this inter-
pretation is open to question, since a number of the results ob-
tained from the linear theory analysis are not satisfactory. The
calculated dependency of the mass transfer coefficient on

Schmidt number, K ~ §—3/4, does not agree with experiment
and calculated intensities of the mass transfer fluctuations are
much too high. In the research described in this paper, numer-
ical solutions of nonlinear forms of the mass balance equations
were carried out using a random input for the velocity field. The
results of this calculation appear as a randomly varying mass
transfer coefficient, K(t), and a randomly varying concentration
field, C(y,t). The statistical properties of these results can then
be compared with experiment.

Two types of nonlinear model equations were explored. In
one of these, only normal velocity fluctuations, v(y,t) = B(t)y2,
are considered. In the other, the influence of the transverse
velocity fluctuations is included by using a velocity field which
is periodic in the transverse direction.

CONCLUSIONS AND SIGNIFICANCE

The results of these calculations confirm the picture of tur-
bulent mass transfer at a solid boundary presented by the solu-
tions of the linear mass balance equations. Only velocity fluc-
tuations of low frequency are influencing the mass transfer rate.
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There is no observable difference betwee mass transfer rates
calculated from a velocity input containing a spectrum of
frequencies and those calculated from a velocity input con-
taining only low frequencies (Figure 5).

There are, however, interesting differences between the linear
and nonlinear calculations. For the linear case, the frequency
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of the velocity fluctuations controlling turbulent mass transfer
is approximately the same at all y and concentration profiles
calculated for different Schmidt numbers can be plotted in a
similarity form if y is normalized with 6, ~ §71/4. For the
nonlinear case, it is found that high frequency velocity fluctu-
ations play a more important role with increasing y. Because
of this, the variation of the average concentration with distance
from the wall cannot be characterized by a single length pa-
rameter and the calculated Schmidt number dependency, K ~
$—97 is much closer to experiment.

The property of the velocity field that has been found to be
of critical importance in predicting mass transfer rates is the
limiting value of the spectral density function of 8 for small
frequency, Wg(0). It is suggested that this be determined from
measurements of the spectral density function of the mass
transfer fluctuations (Eq. 10). An equation for X of the following
form is obtained from the nonlinear calculations:

= 0.21
K= 009 (M) 501,
0.01

INTRODUCTION

Mass transfer between a turbulently flowing fluid and a solid
boundary at large Schmidt number, S, is characterized by a con-
centration boundary layer which is thinner than the viscous sub-
layer region, where the variation of average velocity, U(y), is given
by the equation for rectilinear laminar motion. Consequently the
velocity field within the boundary layer is given by the first term
in a Taylor series expansion in distance from the wall. For a fully
developed velocity field,

U=TUly) + axzt)y, 1)
o = B(x,2,t)y2, (2)
w = y(x,2,t)y, 3)

where U is the velocity in the streamwise direction, v, normal to
the wall and w, in the transverse direction. From conservation of
mass, the following relation among {3, & and 7 is obtained:

(4)

The rate of mass transfer per unit area between a turbulent fluid
and a solid boundary, N, is usually characterized by a mass transfer
coefficient, K, defined by:

N = K(Cg — Cw), (5)

where Cp is the bulk concentration and Cy is the concentration
at the solid boundary. The goal of a theory for turbulent mass
transfer is to relate statistical properties of K to statistical properties
of o, B and v.

The development of such a theory has been of interest to this
laboratory for a number of years. In these researches, electro-
chemical techniques have been used to study o and v (Reiss, 1962;
Fortuna, 1970; Eckelman, 1971; Lau, 1980; Hogenes, 1979; Sirkar,
1969) and to study the local time averaged, K, and the local fluc-
tuation in the mass transfer coefficient, k = K — K (Shaw, 1976;
Sirkar, 1969; Van Shaw, 1963). These researches have revealed that
scales in the streamwise and transverse directions characterizing
k are similar to those found for & and -y but that the frequency of
k(t) is much smaller. An increase in the Schmidt number causes
the characteristic frequency of k to decrease.

A solution of a form of the mass balance equation linear in the
fluctuations by Campbell and Hanratty (1981a) has provided a
possible interpretation of these results and a theory for mass transfer
to a solid boundary which is quite different from classical ap-
proaches to this problem. It is suggested by linear theory that at
large S the mass transfer process is not controlled by the most en-
ergetic velocity fluctuations. The concentration boundary layer
acts as a filter in that only low frequency velocity fluctuations are
effective in causing concentration fluctuations. Lower and lower
fractions of the turbulent energy are used in transporting mass as
the Schmidt number increases.

Calculations based on linear theory, however, do not predict the
correct magnitudes of, nor the correct influence of Schmidt number
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on, K and k2/K2. In order to give stronger support to the proposed
theory, it was necessary for us to carry out solutions of a nonlinear
form of the mass balance equation. The results of this effort are
reported in this paper.

The first use of the nonlinear mass balance equation to predict
mass transfer at a wall was presented by Brodkey et al. (1978). They
ignored the influence of the transverse and streamwise velocity
fluctuations and modeled the normal velocity fluctuations by a
signal which changed its magnitude discontinuously at dimen-
sionless time intervals of At = 8.0. The magnitude of v at the be-
ginning of a time interval was determined by using a Gaussian
random number generator. The change of the magnitude of (p2)!/2
with distance from the wall, y, was obtained from a fit to experi-
mental data which gave a linear variation at small y.

Campbell and Hanratty (1979) solved the nonlinear mass balance
equation using the velocity field obtained from the model of a
typical wall eddy explored by Hatziavramidis and Hanratty (1979).
In this work, the velocity is assumed to be varying periodically in
time and in z. The perioid was chosen to be the bursting period.

Predictions of mass transfer rates based on the calculations of
Brodkey et al. (1978) and by Campbell and Hanratty (1979) do not
agree with experiment. The reason for this is that unrealistic spatial
and time variations are assumed for the velocity field.

In this paper velocity fields are used which contain a spectrum
of frequencies. The time variation of the velocity is obtained from
experimental measurements, the spatial variations, by modeling
assumptions. Two models are used. In one, the effect of transverse
velocities is ignored, Y = 0. In the other, the influence of transverse
velocities is included by assuming a spatial variation of y which
is characterized by a single harmonic.

Of particular interest are the calculations in which the normal
velocity is low pass filtered. These enabled us to examine directly
that the removal of the most energetic velocity fluctuations does
not influence mass transfer at large Schmidt numbers. The results
of the first model support the interpretation provided by linear
theory and give the correct dependency of K and k2/K2 on
Schmidt number. The inclusion of the transverse velocities im-
proves the accuracy of the calculations of the concentration profile
and also shows a spatial variation of the mass transfer coefficient
which is consistent with what is observed in experiments.

Of particular importance to these calculations are the results of
an analysis of experimental measurements of 7y(z,t) that have been
low pass filtered (Campbell and Hanratty, 1981b). These reveal
that the low frequency velocity fluctuations have approximately
the same transverse scale as the most energetic velocity fluctuations.
We used this information to specify the scale of the transverse
velocities in the second model.

THEORY

(a) Simplified Mass Balance Equation

Experimental measurements show that the concentration field
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is approximately homogeneous in the flow direction and that
concentration variations in the y-direction are more rapid than in
the z-direction. Order of magnitude arguments of the type pre-
sented by Sirkar and Hanratty (1970), can be used to develop the
following simplified form of the mass balance equation for fully
developed flows at large Schmidt numbers, S:

oC  oC dC _1922C 6

ot Ty TV ’ ®)
where C is the concentration relative to that at the wall. All terms
in Eq. 6 have been made dimensionless using the concentration
difference, Cg — Cw, the friction velocity, u*, and the kinematic
viscosity, v.

Equation 6 is to be solved using the boundary conditions C =

Oaty =0and C = 1 atlarge y.

(b) Linear Equation
The following equation for the concentration fluctuations,
c=C-C, (7

is obtained if terms nonlinear in the fluctuating quantities are ig-
nored (Campbell and Hanratty, 1981a):

dc dC _102% :

= 2 =",
ot By dy S9y? ®)
This has been solved for the case of ¢ = 0 at y = 0 and at large y.
Solutions of the equation have been presented by Sirkar and
Hanratty (1970) and by Campbell and Hanratty (1981a). Of par-
ticular interest for the work presented in this paper is the result
obtained for high frequency.

A spectral function for 8, W 4(n), can be defined which has the

property
F= " Wymdn, ©)

where n is the frequency in cycles per second made dimensionless
using u* and v. For large n linear theory gives the following rela-
tion between the spectral density functions for 8 and &:

K24
27n)3S

At high S the spectral function for k is confined to a region where
W g(n) is approximately constant (Figure 1) so that

Ws(n) = Ws(0). (11)

The linear analysis presented by Campbell and Hanratty
(1981a), as well as the calculations described in this paper, show
that W 5(0) is of central importance in characterizing turbulent
mass transfer to a solid boundary. Consequently, the result (Eq.
10) is of considerable interest since it provides a means to measure
W 4(0). One of the important goals of the work reported here is to
see whether nonlinear models give Eq. 10 at high frequencies.

Wi(n) = Wg(n) (10)

{c) Nonlinear Mode! |

Our initial efforts in solving Eq. 6 were to ignore the influence
of transverse velocities. Then Eq. 6 reduces to the model equation
explored by Brodkey et al. (1978):

oC ,0C 1 o2C
5t B(t)y o7 S oy
This is to be solved using prescribed values of 3(t) at a fixed location
at the wall.

A theoretical problem in using Eq. 12 is that it appears to viclate
the law of conservation of mass since dv/dy > 0. However, this
is not the case since velocity fluctuations parallel to the wall are not
assumed to be zero. What is implied by Eq. 12 is that variations of
the concentration field parallel to the wall can always be neglected
compared to concentration variations perpendicular to the wall,

(12)
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i.e., dC/dz, 0C/dx = 0. This difficulty can be overcome by using
a model which includes effects of mixing in planes parallel to the
wall.

(d) Nonlinear Model Il

If only mixing in the transverse direction is added to Eq. 12, the
following equation explored by Campbell and Hanratty (1979),
is obtained:

oC 5 0C dC _1122C 2%C

5t Blz,t)y o + v(z.thy > S {byz + 30
Insufficient experimental information is presently available to
completely specify 3(z,t) and ¥(z,t). Therefore a simplified model
was used.

It is assumed that transverse mixing occurs principally through
velocity fluctuations which are approximately homogeneous in the
tlow direction and which have a transverse wavelength of X. From
the results presented in the paper by Campbell and Hanratty
(1981b), we select A = 60-100. The following equations are ob-
tained for 8(z,t) and y(z,t):

B(z,t) = (2)1/2B(t) cos (272 /N) (14)

(18)

(k) = —(2)1/28(t) %sin @72/A). (15)

Here B(t) is the specified time variation of 3 at a given location on
the boundary. The factor (2)1/2 is included so that the mean-
squared value of (3, obtained by averaging Eq. 14 both in time and
in space, is equal to 32(¢).

As discussed by Campbell (1981), significant contributions to
8 are made by disturbances with smaller transverse scales than A
= 60-100 and perhaps by disturbances in the streamwise direction.
Consequently, we have also explored models in which only a
fraction, f, of the energy of 8(¢) is associated with streamwise wall
eddies. Results obtained from these calculations are not strongly
dependent on the selection of a value for f. Consequently, for
simplicity, we present results only for f = 1 in this paper.

SPECIFICATION OF 3(t)

A method for approximating ((¢) is suggested from conservation
of mass, Eq. 4. If the velocity is assumed to be homogeneous in the
flow direction,

B= —1/2%} : (16)

The derivative 97/z can be determined if measurements can be
made of 7 at fixed x but at a small distance Az apart.

B=—th—=- Qa7

The method for measuring -y is described in a previous paper by
Campbell and Hanratty (1981b). The term (3(t) was evaluated from
Eq. 17 using measurements at Az = 10.8 and 4.9.

The measurements of (3%)1/2 appear to be about Y to Y/, of what
would be suggested by extrapolating the measurements of (v2)!/2
of Eckelmann (1974) and of Laufer (1953) to ¥ — 0. Furthermore
the value of W g measured for n — 0 is lower than what is calcu-
lated by Shaw and Hanratty (1977) from Eq. 10 and their mea-
surements of Wi (n).

It is our feeling that the most reliable method for determining
W 5(0) is through measurements of Wy (n). Therefore we concluded
that the measurement method outlined above produced too small
a value of 8(¢). The reason for this is that it ignored small scale
fluctuations of u in the x-direction and of w in the z-direction,
which, apparently, are making large contributions to 8(t). (For a
detailed discussion of this matter, see the thesis by Campbell, 1981.)
Consequently, we multiplied the measurements of 3(t) by a factor
of F ~ 2.4,

March, 1983 Page 223



Wg
- 0 go UUM .
6% e
=
= | Wk i
s & B Al
@ o
= g% .
-7
0 =3 I _3 I -2 E——
10 10 10 10
w=27mn
Figure 1. Spectral density functions for B and k from experimental
measurements.
A
B=-Y%F-T, (18)
Az

selected so that W 5(0) = 0.01, to be consistent with the value de-
termined from the spectral function Wi (n) at large n.

The function 3(t) used in our calculations, is, therefore, a random
signal characterized by a variance of

B2 = (0.008)2 (19)

and by the spectral density function shown in Figure 1. For com-
parison, the spectral density function of k at a Schmidt number of
695 is also presented.

NUMERICAL METHODS

The one-dimensional and the two-dimensional mass balance
equations, (Eqs. 12 and 13), were solved with finite difference
techniques which involved upwinding of the velocity terms
(Roache, 1972). A digitalized record of the measurements of 3(t)
described in the previous section of this paper was used in calcu-
lation of the velocity fields (Eq. 2, or Egs. 14 and 15). The digital
data extended over a real time period of 4,000 s and contained
10,000 points (At = 10). Since the results were sensitive only to the
low frequency part of the velocity signal, the spectral density
function for the signal may be considered constant, equal to W 4(0).
Consequently, the calculations could probably have been carried
out with any signal which could be characterized as white noise.

The numerical solution of the one-dimensional mass balance
equation used an implicit method. The two-dimensional equation
was solved using an alternating-direction implicit method
(Campbell, 1979). The boundary conditions at the well-mixed
boundary were dC/dy = 0 for outflows and C = 1 for inflows. The
zero gradient outer boundary condition was picked so diffusion
at the outer boundary would be negligible for outflows.

In solving Eq. 12, upwind differencing approximates v 9C /3y
for outflows as v;(C; — Cj—1)/ Ay. This can be written as

0;(Cy — Cj—1)/ Ay = (v,C; — v,-1C;—1)/ Ay
+ (v; —vj-1)Cj-1  (20)

The first term on the right side of Eq. 2 represents the net con-
vection of mass out of the volume due to flow normal to the wall.
From conservation of mass considerations (v; — v—1) is balanced
by an influx of material in a plane parallel to the wall. Therefore,
Eq. 2 indicates that the finite difference form used for v 9C/dy
for outflows pictures the flow in the plane parallel to the wall as
carrying fluid of concentration C;—, into the volume element.
Similarly, for inflows the upwinding approximation gives the
convective term as v;(C; ; — C;)/ Ay. From the above arguments
we see that this finite difference form for inflows pictures flow
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Figure 2. Concentration profiles calculated from the 1-D nonlinear equation
at various values of y.

parallel to the wall carrying fluid of concentration Cy ; out of the
volume element.

A consequence of the upwinding approximation for the one-
dimensional model is that fixing the concentration at some outer
boundary has no influence on the calculations during outflows. For
sustained outflows low concentration fluid will extend to large
values of y. The solution of the 1-D equation with a reasonable
location for the outer boundary, therefore, results in an average
concentration profile that does not reach 1 at large values of y. This
problem is not encountered in the solution of the 2-D equation
because the transverse mixing terms are modeled more accurately.
The concentration profiles obtained from the 1-D study were all
normalized equal to 1 at large y so that the behavior at small y
could be compared with results that use the more realistic well
mixed outer boundary.

The 1-D equation was solved using 10,000 time steps and 100
grid points in the normal direction. The 2-D equation used 1,000
to 2,000 time steps, and 30 grid points in the normal direction and
26 in the transverse direction. The consistency of the finite dif-
ference schemes was tested by varying the number of gridpoints
in time and space and by varying the initial conditions.

The concentration profiles at large y calculated from the 1-D
equation, were found to be sensitive to the choice of y,. This is il-
lustrated in Figure 2 where concentration profiles for a Schmidt
number of 100 are plotted for values of y, of 12, 25, 50, and 100.
It is to be noted that the concentration field, and, therefore, the
calculated K, at small y is independent of y,,. It appears that if a
large enough value of y, were used an asymptote would be reached.
The result, however, would have little meaning, for at values of y
greater than 7 the concentration profile is no longer within the
viscous sublayer.

Calculations of the concentration profile for the 2-D model at
a Schmidt number of 1,000 for values of y, equal to 3, 5, 10, 20 are
presented in Figure 61 of the thesis by Campbell (1981). Again
these show no effect of the choice of 4, on the calculation of K.
There is an effect on the values of C calculated for large values of
y, but not so severe as for the 1-D model. For example, no signifi-
cant difference was obtained with the calculations using y, = 10
and y, = 20.

RESULTS OF NONLINEAR MODEL |

(a) Calculations of K(t)
A comparison of the calculated k(#) with the input signal 8(¢)
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Figure 3. Comparison of velocity input and mass transfer output from 1-D
nonlinear equation at $§ = 100, 1,000, 10,000.
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Figure 4. Mass transfer spectra from 1-D nonlinear equations plotted with
proper scaling.

using nonlinear model I is shown in Figure 3 for three different
Schmidt numbers. The effect of Schmidt number in damping high
frequency fluctuations is clearly indicated.

The spectral functions are shown in Figure 4, where the ordinate
and abscissa have been normalized with Schmidt number in the
manner suggested by Shaw and Hanratty to collapse the data onto
a single curve. Of particular interest is the agreement of the cal-
culations with Eq. 10 at large frequencies. This supports the sug-
gestion that measurements of Wi(n) provides a method for mea-
suring W g(0).

Calculations of K{t) using (3(t) signals that had been low pass
filtered at different cut-off frequencies, n.,, are shown in Figure
5. A comparison of the upper signals shows strong changes in the
velocity signal by filtering at ny, = 0.0246 and at n., = 0.0098 (80%
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g 0:004
s b ”1 , hh
<) w u T
" f, lm LM luh.l
@ o
1 |oBhas
"’% i_ [ 15! e '
@ _, |
1 s=10°
K=4.0x10"
o A (i
%o /00246 A
-l
: /\
FikaL WV“/\
5 o)
o 00041
] ] [ I
0 2 r 6 8 10

tx1072

Figure 5. The time variation of the mass transfer coefficient obtained with the
input velocity low pass filtered at different values of n,,. (1-D model)
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Figure 6. Average mass transfer coefficient vs. Schmidt number from 1-D and
2-D nonlinear equations.

of the energy removed). It is noted, however, that no discernible
effect is found in the calculated K(¢) (Iower signals). If the velocity
signal is filtered so that 95% of the energy has been removed (n,,
= 0.0041, changes in the calculated K(¢) can be detected but the
overall shape of the relation remains the same. These calculations
clearly show that only the low frequency velocity fluctuations in
the region where W s(n) = W 4(0) are determining K and K(t) at
high Schmidt numbers.

The calculated influence of S on K shown in Figure 6 is in close
agreement with the experimental results of Shaw and Hanratty
(1977). 1t is found that K ~ =070, The effect of filtering on the
calculated K is also shown in Figure 6 for n,, = 0.001 for which
~99% of the energy of the (3(t) signal was removed. It is noted that
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Figure 7. Relative intensity of the tluctuations of the mass transter coefficiont
from nonlinear calculations.

this causes only a 10% decrease in the calculated K at S = 1000.

The influence of S on (k2)!/2/K is shown in Figure 7. Calculated
intensities are found to decrease with Schmidt number as indicated
by experimental measurements. The one-dimensional calculations
are too high by a factor of 1.4.

(b) Calculation of ¢(y,t) and C(y)

Calculated examples of the time variation of ¢ at different values
of y are shown in Figure 8. For comparison, unfiltered and filtered
velocity signals are shown over the same time interval. Of particular

1 li 1 L
Unfiltered

- 1
v/4.5(v?) 2

-_
c/45(c2) 2

0 100 200 300 400 500
t x 107!
Figure 8, C tration fluctuations at several values of y calculated from
the 1-D equations at § = 1,000.
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Figure 9. Cross-spectra of vc at several values of y from 1-D nonlinear
equation.

interest are the increase in the frequency content of the signal with
increasing y and the intermittancy at large values of y.

By comparing c(t) at y = 0.2 with the velocity signal filtered at
neo = 0.001, one observes that the low frequency concentration
fluctuations close to the wall are directly connected with low fre-
quency velocity fluctuations. This can be seen by comparing the
peaks in the concentration signal with inflows indicated by negative
values of the filtered velocity signal. '

It is observed that the quiescent periods in the ¢(¢) signal and the
intervals of high frequency oscillations at large y are respectively
associated with low frequency inflows and outflows. An exami-
nation of the variation of the high frequency concentration fluc-
tuations in the y-direction suggests that their scale is too large for
molecular diffusion to be important so that 9C /0t ~0 dC/dy. A
low frequency inflow causes blunt shaped concentration profiles
with very small values of dC/dy at large y. A low frequency out-
flow causes diffuse concentration profiles with significant values
of dC/dy at large y. The above order of magnitude relation indi-
cates large values of dC/dt at large y for outflows and, conse-
quently, concentration fluctuations with frequencies comparable
to the velocity fluctuations. The amplitude of these fluctuations
increases with increasing distance from the wall since v = 3(¢)y2.
Consequently the high frequency concentration fluctuations arise

C/Clo)

normalized®

C,
1
IS

o
)

s=10% 10%, 10* 10° 1

| l l |

0 5 10 15 20 25
y(s/10%)

Figure 10. Concentration profiles calculated from the 1-D equation. The circles
indicate data obtained by Lin et al. (1953), at § = 900.
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Figure 11. The effect of Ws(0) on the average mass transfer coefficient and
the fluctuations in the mass transfer coefficient, obtained from the nonlinear
calculations.

because of a complex nonlinear interaction which causes them to
ride on top of concentration waves associated with low frequency
velocity fluctuations, containing only a small percent of the total
turbulent energy.

The Reynolds transport has contributions from both of these
modes throughout the concentration boundary layer. This is in-
dicated in Figure 9, where spectra of vc are plotted. It is noted that
the frequency content of vc increases with increasing y, but that
its median frequency at all y is much less than the median fre-
quency of the velocity fluctuations.

The calculated average concentration is plotted as a function of
distance from the wall in Figure 10. The abscissa has been nor-
malized with 8, = S™1K-1 = §-93 derived from the K vs.
Schmidt number relation. It is observed that similarity is not ob-
tained and that the scaling of the outer part of the concentration
profile is different from that close to the wall. The influence of
filtering on the concentration profile is also illustrated in Figure
10 where C(y) curves using a () signal with ng, = 0.01 and 0.001
are presented. This calculation clearly shows that high frequency
velocity fluctuations are having a stronger effect on the variation
of the concentration at distances farther from the wall.

(c) Effect of Wg(0)

The mass transfer process at large Schmidt numbers is related
to the velocity field primarily through the limiting value of the
spectral density function of 3 at small frequencies, W (0). Cal-
culations were carried out to explore the influence of variations of
W 5(0) by multiplying the (3(¢) input by a constant factor. This had
the effect of changing the magnitude of W 5(0) while keeping the
characteristic time the same; i.e., W 4(0)/ 62 was held constant.

Plots of K and of (k2)1/2/K vs. W 4(0) are presented in Figure
11 for a Schmidt number of 1,000. It is noted that the results for
K and (k2)1/2/K are approximated by the relations

K ~ S_O'7OW5(0)0'21 (21)
(R2)1/2/K ~ §—0.06W 5(0)0.06 (22)

These are close to the K ~ [W 5(0)]}/4 and the (k2)1/2/K ~ [W 5(0)]0
relations for linear theory (Campbell and Hanratty, 1981a).

RESULTS ON NONLINEAR MGDEL U

An improvement in the calculated results can be obtained by
including the effect of the convection term in the transverse di-
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Figure 12. Concentration profiles calculated from the 2-D equation. The circles
Iindicate the data of Lin et al. {1953), at § = 900.

rection through Eq. 13. This allows for a spatial variation of K in
the z-direction. More importantly, it gives additional mixing and
a more realistic C at large y.

A transverse wavelength of A = 100 was chosen for the velocity
input because this is approximately equal to the value of the
wavelengths of the velocity and the mass transfer observed ex-
perimentally. No effect on the average mass transfer rate or on the
intensity of the mass transfer fluctuations was found when a
wavelength of 50 was used. _

As shown in Figure 6, values of K calculated from models I and
II are equal. However, model II gives lower values of the fluctua-
tions in K, in close agreement with experimental measurements
(Figure 7)

Caleulated variations of C vs. y/ 4, are given in Figure 12, with
0, ~ S~03, It is seen that this scalmg is valid only for small y and
that the larger the value of S, the smaller is the range over which
it holds. A comparison with Figure 10 shows that the 2-D results
are much less diffuse at large y than are the 1-D results. A com-
parison with the measurements of Lin et al. (1953) at S = 900 shows
that the inclusion of spanwise mixing in the 2-D model provides
a much more realistic calculation of C(y). However, the differences
between the calculations and the measurements indicates that the
2-D model is not completely accurate in representing the mixing
at large y.

As with the 1-D model, high frequency velocity fluctuations are
found to assume an increased importance in transporting mass as
y increase. This is illustrated in Figure 13 where example calcu-
lations of ¢(t) are presented over the same time interval used in
Figure 8. A comparison of Figures 8 and 13 shows very similar
qualitative behavior for the 1-D and 2-D calculations,

The 2-D model uses three hydrodynamic parameters

K ~ (S,Ws(0),82,X). (23)

However the insensitivity of the calculations to the selection of A
and the close agreement between the values of K calculated by the
1-D and 2-D models, indicates that K is primarily dependent on
W 5(0). Calculations of the influence of Wg( ) on values of K ob-
tained from the 2-D calculations are given in Figure 11. It is noted
that both the 1-D and 2-D models give essentially the same result
so the same equation for K presented in the last section is again
obtained,

- _ w (())021 —o7 (24)
K =0.09 —LOOI

March, 1983 Page 227



Unfiltered

— 1
v/4.5(v2)"2

A rl"v

Neg =0.001

fo Ay:OII72 v
~— S

ol ¥:06% M
DU AU A
y=138
WAy oy e

y267

(AT v,

y:
0 iI00 200 300 400 500

t x 10~

Figure 13. Concentration fluctuations at several values of y calculated from
the 2-D equation at $ = 1,000, z = 0.

.1
c/4.5(c?) 2

DISCUSSION

The nonlinear analysis presented in this paper supports a theory
for turbulent mass transfer to a solid boundary which is radically
different from classical approaches (surface renewal, Nernst dif-
fusion layer, analogies, various eddy models). It views the con-
centration boundary layer as a filter which acts in such a way that
low frequency velocity fluctuations, containing only a small frac-
tion of the energy, are controlling the mass transfer rate.

We have identified the spectral density function of normal ve-
locity fluctuations at small frequencies, W4(0), as being the
property of the velocity field of critical importance. On the basis
of numerical solutions of the 1-D and 2-D nonlinear mass balance
equations, we suggest that Eq. 24 relates K to the turbulent velocity
field. The parameter W 5(0) is best determined from measurements
of the spectral density function of the mass transfer fluctuations
at large frequency through Eq. 10.

Solutions of the linear mass balance equations, discussed in a
previous paper (Campbell and Hanratty, 1981a), give a similar
picture. However, contrary to the results presented in this paper,
the linear equations give K ~ S~3/4 and concentration profiles
which scale with §, ~ §~025, The principle qualitative difference
between the solutions of the linear and nonlinear equations is that
the nonlinear results show that high frequency velocity fluctuations
are playing a more important role in transporting mass at large y.
{Compare Figure 9 with Figure 5 of the paper by Campbell and
Hanratty, 1981a.) Traces of the temporal variation of the con-
centration for the nonlinear solutions show that high frequency
concentration fluctuations ride on waves of low concentration
caused by outward flows from the wall of very low frequency. We
explain the need to use more than one length scale in interpreting
the profiles of average concentration as being associated with the
increasing importance of high frequency fluctuations in trans-
porting mass at large distances from the wall.

The 1-D and 2-D nonlinear equations give quite different be-
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haviors of C(y) at large y. It is of interest, therefore, that both give
essentially the same relation for K. Apparently, the calculation of
K is somewhat insensitive of the method for modeling the mixing
at large y, so long as it takes account of the increasing importance
of high frequency velocity fluctuations with increasing y. The
inclusion of transverse velocities in the 2-D model improves the
prediction of C(y) and (k2)1/2/K over what would be obtained with
the 1-D model. However, the use of a periodic function with a
single harmonic to represent transverse variations of the velocity
field is certainly an oversimplification. Additional calculations need
to be carried out with more realistic velocity fields that reflect the
randomness in space, as well as in time,

Until such results are available, it is difficult to interpret the
differences between the profiles of average concentration calcu-
lated with the 2-D model and the experiment of Lin et al
(19583).
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NOTATION

¢,C = fluctuating and total concentrations relative to that at
the wall made dimensionless with Cg — Cw

Cs = bulk concentration of specie (mol/cm3)

Cw = wall concentration of specie (mol/cm?)

f = fraction of the normal velocity due to variations in the
transverse velocity

F = factor used in Eq. 18

kK = fluctuating and total mass transfer coefficient made

dimensionless with u* (except in Eq. 5)
= frequency in Hz made dimensionless with u* and v

n

Neo = cut-off frequency used in low pass filtering

N = rate of mass transfer (mol/cm2-s)

S = Schmidt number = »/D

t = time made dimensionless with u* and »

u,U = fluctuating the total steamwise velocities made di-
mensionless with u*

u* = friction velocity (cm/s)

o,V = fluctuating and total normal velocities made dimen-
sionless with u*

w,W = fluctuating and total transverse velocities made di-

mensionless with u*
Wi(w) = spectrum of the fluctuations of k
Ws(w) = spectrum of the fluctuations of 3

x = coordinate in steamwise direction made dimensionless
with u* and v

y = coordinate perpendicular to wall made dimensionless
with u* and v

z = coordinate transverse to flow made dimensionless with
u*and v

Greek Letters

o = time varying part of dimensionless steamwise velocity
=uly

8 = time varying part of dimensionless normal velocity =
v/y?

0% = time varying part of dimensionless transverse velocity
=w/y

0 = length scale characterizing the thickness of the con-
centration boundary layer made dimensionless with u*
and »

A = wavelength of the spatial scale in the transverse direc-

tion made dimensionless with u* and v
= kinematic viscosity (cm?2/s)

w

T = Eulerian time scale of the autocorrelation of 8
w = circular frequency made dimensionless with u* and
v
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Experimental Measurements of the Effect of
Viscosity on Drag for Liquid Drops

The drag coefficients of drops of various liquids falling in air were measured
experimentally. The drag coefficient was linearly related to the viscosity in the
Reynolds number and viscosity range measured. Measurements also suggested
there is no difference between Newtonian and non-Newtonian liquids.

P. H. GILLASPY and
T. E. HOFFER

Atmospheric Sciences Center
Desert Research Institute
University of Nevada System
Reno, NV 89506

SCOPE

Calculating fall trajectories and transport properties between
a drop and its medium depends on a knowledge of the drag
forces acting on the liquid drop. It has been found that the
Reynolds number (Re} is the primary parameter characterizing
the forces acting (Stokes, 1851; Reynolds, 1883). In the Stokes
flow regime (Re < 1), exact solution of the Navier-Stokes equa-
tion for a sphere yields an expression for drag in excellent
agreement with measurements for spheres and liquid drops. In
the intermediate range (1 < Re < 500), numerical solutions
(Hamielec et al., 1967; LeClair et al., 1970) give drag coefficients
with excellent experimental agreement. The range of higher Re

CONCLUSIONS

Experimental measurements have been reported that show
qualitatively and quantitatively the effects of liquid viscosity

Correspondence concerning this paper should be addressed to P. H. Gillaspy at NASA/MSFC,

Space Sciences Laboratory, ES-83, Huntsville, AL 35812.
0001-1541-83-6815-0229-$2.00. © The American Institute of Chemical Engineers, 1983.
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sees a whole host of experimental measurements for spheres and
liquid drops with the main emphasis on water drops due to their
relevance to atmospheric sciences, Although the manner in
which the various forces act is well understood, previous studies
have not been able to express quantitatively the effect of liquid
viscosity or surface tension on the drag at higher Re.

In the analysis of experimentally measured drag coefficients
reported in this paper, quantitative assessment of the role of
liquid drop viscosity on the drag is presented. Non-Newtonian
as well as Newtonian liquids were used to separate the possible
effects of rheological properties.

AND SIGNIFICANCE

on the drag of liquid drops falling through air. The quantitative
effects of viscosity have been shown to be modeled by a function
of.the form

Cp = Cp(Rep = m)[l - B% f(Re)] ()
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